Eisenstein polynomials and ramification theory
In Section 1.1, we consider general Eisenstein polynomials. In Section 1.2, we precisely investigate Eisenstein polynomials of degree p over Q p .
General Eisenstein polynomials.
In this subsection, we assume K is a finite extension of Q p
1
. We fix an algebraic closure K of K and we assume throughout that all algebraic extensions of K under discussion are contained in K. We denote by O K the valuation ring of K and by v K the valuation on K such that v K (K × ) = Z. Let L be a finite separable extension of K. We denote by O L the integral closure of O K in L. There exists an element α ∈ O L such that O L = O K [α] (the existence of such an element is proved in [10] , Chap. III, Sect. 6, Prop. 12). Put H = Hom K (L, K). The order function i L/K is defined on H by i L/K (σ) = v K (σ(α) − α) for any σ ∈ H. This function is independent of the choice of α. The ith lower numbering ramification set H (i) of H are defined for a real number i ≥ 0 by
The transition function ϕ L/K : R ≥0 → R ≥0 of L/K is defined by
for any real number i ≥ 0, where #H (t) is the cardinality of H (t) . Its inverse function is denoted by ψ L/K . Then the uth upper numbering ramification set H (u) of H are defined for a real number u ≥ 0 by A ramification break is a real number i (resp. u) such that
) for any ε > 0. Denote the largest lower (resp. upper) numbering ramification break by
Remark 1.1. If L/K is a Galois extension, then our filtration H (u) coincides with the filtration shifted by one defined in [10] , Chapter IV.
In particular, if L/K has only one ramification break, then the above shows
where e is the ramification index of L/K. Remark 1.3. The Galois case is proved by [4] , Proposition 1.3.
. Let f be the minimal polynomial of α over K and β an element of Ω.
Remark 1.5. The numbering of the ramification filtration in [2] is different from ours. We adopt the numbering in [4] since it is suitable for Proposition 1.6, which is repeatedly used in this paper.
Let E e K be the set of all Eisenstein polynomials of degree e over K. For two polynomials f , g ∈ E e K , we put
Then we have
The case where L f /K is a Galois extension is proved in [11] , Proposition 3.1. 
for details). (i)
The Galois group of a polynomial f of the first type in Table 1 .1 is a semi-direct product C p : C d2 , where
Moreover, its inertia group is C p : C d1 , where d 1 = (p − 1)/g. The second type in Table 1 .1 is the only case that L f /Q p is a cyclic. The Galois group and its inertia subgroup of the third type in Table 1 .1 are C p : C p−1 .
(ii) More precisely, in [1] , the explicit description of the Galois closure of L f /Q p as Q p (π f , γ) where γ p−1 ∈ Q p . An algorithm for computing the automorphism group of a finite extension L/Q p has been implemented in Magma as the inner function AutomorphismGroup(L,Q p ), where the output is given as a subgroup of the symmetric group S p . Hence we can explicitly calculate the Galois group of f .
. In this case, we say that f is of type λ . Then we see
The type of f depends only on its equivalence class since d f does also. By Proposition 1.2 and Lemma 1.10, we have
2 We can easily check the isomorphy of quadratic extensions, so that we consider only odd primes.
Proof. In each case, it is enough to show v p (f, g) > u f by Proposition 1.6. In case (i), by assumption, we have
Similarly, in case (ii), we have
Finally, in case (iii), note that v p (a i − b i ) ≥ 2 for any i, so that we have
where the last inequality follows from the oddness of p.
To consider the case where f is of type 0 and v p (a 1 ) = 2, we need some devise.
Lemma 1.13. Let f ∈ E p
Qp and π be a root of f .
Qp of π ′ . Then we have
Proof. (i) is trivial. We prove (ii). Let π 1 , π 2 , . . . , π p be the conjugate elements of π over Q p . Then the conjugate elements of π ′ are π 1 + uπ
then we have the result.
where we put u = −a 1 /(pa 0 ).
Proof. By Corollary 1.12 (ii), we have f ∼ f 1 := x p + a 1 x + a 0 . Take a root π of f 1 . Let g 1 = i b i x i be the minimal polynomial of π + uπ 2 over Q p . By Lemma 1.13 (i), we have f 1 ∼ g 1 and by (ii), an equality
holds. By comparing the coefficients of x 0 and x 1 in the both-hand side, we have
Since the type is independent of equivalence classes, g 1 is also of type 0 . By the inequality v p (b 1 ) ≥ 3, Proposition 1.11 (iii) gives the equivalence
follows. By assumption, we note that v p (a 0 a 1 ) ≥ 3, so that Proposition 1.11 (iii) gives the equivalence
The following lemma is a result in field theory:
K and π f a root of f . Then, for any u ∈ U K , the Eisenstein polynomial of uπ f over K is
Proof. This is trivial.
By the following theorem, we can identify a given polynomial as the one in Table  1 .1:
Proof. (i) We assume that f is of type λ . Then we have f ∼ g 1 := x p + a λ x λ + a 0 by Corollary 1.12 (i). Apply Lemma 1.15 to g 1 , we have
2 ), so that we have
Hence we have g 2 ∼ f 1 by Proposition 1.6, and an equivalence f ∼ f 1 follows it. In case λ = p−1 and u ′ λ ≡ −1 (mod p), we note that p−1 λu ′ λ ∈ F p . By Proposition 1.6 and 1.17 below (as m = 1, ω = λu
By the inequality v p (g 3 , f 1 ) > 2 and Proposition 1.6, we have g 3 ∼ f 1 , so thatf ∼ f 1 .
Second, we prove the case λ = p − 1 and u
and Proposition 1.6, we have g 3 ∼ f 2 . Hence we obtain an equivalence f ∼ f 2 .
(ii) Suppose that f is of type 0 and v p (a 1 ) = 2. According to Corollary 1.12 (ii), we have f ∼ g 4 := X p + a 0 . Apply Lemma 1.15 to f 0 with similar argument as in the proof of (i), then we have g 4 ∼ g 5 := X p + a ′ 0 . Note that v p (g 5 , f 3 ) ≥ 3 > u f , so that Proposition 1.6 gives g 5 ∼ f 3 . Thus we deduce the desired equivalence f ∼ f 3 .
Second, we suppose that f is of type 0 and v p (a 1 ) = 2. By Proposition 1.14, we have f ∼ g 6 := X p + a ′′ 0 . Note that v p (g 6 , f 4 ) ≥ 3 > u f , thus Proposition 1.6 shows g 6 ∼ f 4 . Therefore, we have f ∼ f 4 .
1.3. Appendix: An algorithm computing the ramification breaks. Let K be a finite extension of Q p and f an Eisenstein polynomial over
u be the lower and upper numbering ramification sets of H in the sense of [2] , Appendice. We give an algorithm for computing the breaks of H i and H u . If L f /K is a Galois extension, then the ramification sets coincides with the ramification groups in the sense of [10] . Let i 1 , i 2 , . . . , i m (resp. u 1 , u 2 , . . . , u m ) be the lower (resp. upper) numbering ramification breaks. • Let s 1 > s 2 > · · · > s m be the slopes of N .
• Let 1 < x 1 < x 2 < · · · < x m be the x-coordinates of the vertexes of N .
• Return {(−s 1 − 1, x 1 ), (−s 2 − 1, x 2 ), . . . , (−s m − 1, x m )}. Remark 1.19. The Newton polygon can be computed by Magma as the inner function NewtonPolygon(h(x)). However, in fact, the valuations of the coefficients of f (x + π f ) = e i=1 b i x i can be directly written as
where we write f = • S ← {u 1 }.
• s ← 2.
• While s ≤ m:
• u s = (i s − i s−1 )#H is /#H i1 + u s−1 .
• s ← s + 1.
• S ← S ∪ {u s }.
• Return S.
